The main result of this paper is the following: Any minimal counterexample to Hadwiger's Conjecture for the k-chromatic case is 2k 27 -connected. This improves the previous known bound due to Mader [W. Mader, Über trennende Eckenmengen in homomorphiekritischen Graphen, Math. Ann. 175 (1968) 243-252], which says that any minimal counterexample to Hadwiger's Conjecture for the k-chromatic case is 7-connected for k 7. This is the first result on the vertex connectivity of minimal counterexamples to Hadwiger's Conjecture for general k.
Introduction
In 1943, Hadwiger made the conjecture that every k-chromatic graph has a K k -minor. This conjecture is, perhaps, the most interesting conjecture of all graph theory. For k = 1, 2, 3, it is easy to prove, and for k = 4, Hadwiger himself [11] and Dirac [7] proved it. For k = 5, however, it seems extremely difficult. It is well known that the case k = 5 is equivalent to the Four Color Theorem [1, 2, 21] , as proved by Wagner [24] in 1937. About 60 years later, Robertson, Seymour and Thomas [20] proved that the case k = 6 is also equivalent to the Four Color Theorem. In their proof, minimal counterexamples (which are usually called "contraction-critical non-complete graphs") play an important role. Also, contraction-critical graphs are used to prove the next unsettled case of a weaker Hadwiger's Conjecture [5, 25] in [13] , and some other results, cf. [12] . In particular, all of these papers use the connectivity property of contraction-critical graphs.
Many researchers have considered the connectivity property of contraction-critical graphs. Dirac [7] proved that any k-contraction-critical graph is 5-connected for k 5, and Mader [16] proved the following deep result, extending 5-connectivity, that any k-contraction-critical graph is 7-connected for k 7 and any 6-contraction-critical graph is 6-connected. But as far as I know, there is no progress on the vertex connectivity of k-contraction-critical graphs. Note that Toft [23] proved that any k-contraction-critical graph is k-edge-connected. In this paper, we first prove the following result, which is the first general result on the connectivity of minimum k-chromatic graphs.
Theorem 1. For all positive integers k, any k-chromatic counterexample to Hadwiger's Conjecture is
The proof method of Theorem 1 gives the following result. Actually, we shall give a proof of the following which improves the connectivity in Theorem 2. This is the first result on the vertex connectivity of minimal counterexamples to Hadwiger's Conjecture. But perhaps, 2k 27 is not the right value. The right value will be probably k for any k. In fact, Mader [16] proved that this is true for k 7.
Let us mention the application of Theorem 3. In [3] , the following remarkable result was proved. 
Consider the following problem:
Problem. There exists a constant c such that any ck-chromatic graph has a K k -minor. Theorems 3 and 4 imply, for any fixed k, that there are only finitely many minimal counterexamples to the above problem when c = 27. Actually, Theorems 3 and 4 imply somewhat stronger statement: For any fixed k, there exists a function f (k) such that any minimal counterexample to the above problem when c = 27 has at most f (k) vertices. Note however that the finiteness also follows from Wagner's conjecture, which is recently proved by Robertson and Seymour [19] , but the proof requires 20 papers of Graph Minors. Almost nothing concerning the above problem was known until now, so this would be the first step to attack the above problem.
All graphs considered in this paper are finite, undirected, and without loops or multiple edges. A graph H is a minor of a graph G if H can be obtained from G by deleting edges and/or vertices and contracting edges. An H -minor of G is a minor isomorphic to H .
A t-coloring of G is a function φ from the vertex set V (G) of G into {1, . . . , t} so that φ(u) = φ(v) for every edge uv, and a graph is t-colorable if it has a t-coloring.
, and for a vertex x of V (G) and for an edge e of E(G), G − x = V (G) − {x} and G − e is the graph obtained from G by deleting e. Let δ(G) denote the minimum degree of G.
For graph-theoretic terminology not explained in this paper, we refer the reader to [6] .
Contraction critical graphs
Let G be a graph satisfying the following conditions:
(2) G is minimal with respect to the minor-relation in the class of all k-chromatic graphs.
Any graph satisfying (1)- (3) is a non-complete k-contraction-critical graph. Such graphs were first defined and studied by Dirac [8, 9] . Among Dirac's first results, let us mention the following:
A non-complete k-contraction-critical graph is called a minimal counterexample (to Hadwiger's Conjecture), and a smallest possible non-complete k-contraction-critical graph is called a minimum counterexample (to Hadwiger's Conjecture).
Proof of Theorem 1

Given a subset S ⊆ V (G), an S-cut is a pair (A, B) of non-empty subsets of V (G) such that V (G) = A ∪ B, S ⊆ A, B
− A = ∅, and G has no edge joining A − B to B − A. The order of the S-cut is |A ∩ B|. The next lemma is heavily used in our proof. The proof is inspired by the proof of Robertson and Seymour [18] , and we believe this lemma itself is of interest.
(3.1) Let G be a graph and S = {s 1 , . . . , s k } be a set of k vertices. Suppose G has a K 2k -minor and no S-cut of order less than k. Then G has vertex disjoint non-empty connected subgraphs C 1 , . . . , C k such that, each 1 i k, the subgraph C i contains s i and is adjacent to all the subgraphs
Proof. We will prove the following slightly stronger statement, which immediately implies (3.1). Hence G satisfies the conclusion of ( * ) by the induction, and so does G, a contradiction. Therefore there are no such edges. This implies that each D i is either |D i | = 1 or contains a vertex in S and has no edges except for E(S). Moreover, at least k of D i 's consist of only one vertex which is not in S. Let R be the set of D i which is not in S. We claim that there exists a matching from S to R. Otherwise, there would be a S-cut of order less than k by Hall's theorem. Now contracting each edge of this matching would satisfy the conclusion of ( * ). This completes the proof of ( * ). 2
Now we are ready to finish the proof of Theorem 1.
Proof of Theorem 1. Take a minimal cutset S in a counterexample to Theorem 1. Then |S| < .1)). Then by (3.1) and minimality of S, we can contract A into S such that S is complete (let G 1 be the resulting graph), and we can also contract B − S into S such that S is complete (let G 2 be the resulting graph). Then χ(G 1 ), χ(G 2 ) k − 1 by the minimality of G. But clearly we can combine the colorings of G 1 and G 2 to the whole graph G using at most k − 1 colors. This is a contradiction. This completes the proof of Theorem 1. 2
Proof of Theorem 2
A similar proof technique allows us to prove Theorem 2. Since Theorem 3 is better than Theorem 2, so we just give a sketch of proof. We will use the notation from Sections 2 and 3.
Our main tools are the following two theorems. 
The next lemma is heavily used in our proof. The proof is inspired by the proof of Bollobás and Thomason [4] , and we believe this lemma itself is of interest. Proof. We will prove the following slightly stronger statement, which immediately implies (4.1). 2
is either connected or each of its components meets S, and moreover each D i is adjacent to all but at most
D j (i = j ) which do not meet S. Also suppose G has no S-cut of order less than k with at least one D i in B − A. Then G satisfies the conclusion of (4.1).
The proof is similar to that in Section 2, except we shall use Theorem 6. So we omit it. The main proof of Theorem 2 is quite similar to that of Theorem 1. There are only two differences. One is that we shall use Theorem 5 to ensure that G has a dense minor satisfying (4.1). The other is also used in the next section, see the proof of Theorem 3. So we omit it.
Proof of Theorem 3
After the submission of the first version of this paper, we found a quite simple proof and better result, namely Theorem 3.
A graph L is said to be k-linked if it has at least 2k vertices and for any ordered k-tuples (s 1 , . . . , s k ) and (t 1 , . . . , t k ) of 2k distinct vertices of L, there exist pairwise disjoint paths P 1 , . . . , P k such that for i = 1, . . . , k, the path P i connects s i and t i .
An important tool will be the following theorem due to Thomas and Wollan [22] .
Theorem 7. Every 2k-connected graph G with at least 5k|V (G)| edges is k-linked.
Theorem 7 implies that every 10k-connected graph is k-linked. Bollobás and Thomason [4] proved that every 22k-connected graph is k-linked, and Kawarabayashi, Kostochka and Yu [15] proved that every 12k-connected graph is k-linked.
The second tool we need is the following result. This result has the same flavour of a result of Mader [17] which says that every graph with the minimum degree at least 4k has a k-connected subgraph. This was proved in [3, 14] . By Theorem 7, every 2k-connected graph G with at least 5k|V (G)| edges is k-linked. Hence, Theorem 8 implies the following: Corollary 9. Let G be a graph and k an integer such that
Proof of Theorem 3. Take a minimal cutset S. Then |S| < 2k 27 . Let A 1 be a component of G − S and A 2 = G − A 1 − S. Then both A 1 ∪ S and A 2 ∪ S have the chromatic number at most k − 1. Let S 1 be a maximum independent set in S . Also, let S 2 be a maximum independent set in S − S 1 , and let S i be a maximum independent set in S − Hence we can contract A 1 into S 1 , S 2 , . . . such that the resulting graph on S is complete (let G 1 be the resulting graph plus A 2 ).
Similarly, we can also contract A 2 into S 1 , S 2 , . . . such that the resulting graph on S is complete (let G 2 be the resulting graph plus A 1 ). Then χ(G 1 ), χ(G 2 ) k − 1 by the minimality of G. But clearly we can combine the colorings of G 1 and G 2 to the whole graph G using at most k − 1 colors. This is a contradiction. This completes the proof of Theorem 3. 2
Note that if we use the result of Mader [17] which says that every graph with the minimum degree at least 4k has a k-connected subgraph, then the proof of Theorem 2 together with Theorem 7 implies that any minimal counterexample to Hadwiger's Conjecture is k 41 -connected.
